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1. Introduction 

An obvious requirement of any theory of quantum gravity is to provide a microscopic 
explanation of black hole entropy. To some extent, the AdS/CFT correspondence |[| has 
done this: the microstates of an asymptotically anti-de Sitter (AdS) black hole are states 
of a dual CFT. In three dimensions, it is possible to calculate the entropy of black holes by 
counting CFT states with the same quantum numbers as the black hole using the Cardy 
formula However, an analagous calculation in more than three dimensions has been 
hindered by our poor understanding of strongly coupled quantum field theory. 

A potential way of overcoming this obstacle is to consider asymptotically AdS black 
holes preserving enough supersymmetry that the corresponding CFT states belong to short 
superconformal multiplets. The number of such states with given quantum numbers is not 
expected to change as the CFT coupling is varied, so by counting them at weak coupling 
it should be possible to reproduce the black hole entropy. 

Four dimensional, supersymmetric, asymptotically AdS, black holes were presented 
in ||. However, a CFT calculation of their entropy does not seem possible because so little 
is known about the dual CFT in this case. Seven dimensional supersymmetric AdS black 
holes were constructed in @. Once again, our ignorance of the dual CFT gives us little 
hope of being able to calculate their entropy. 

This leads us to D = 5, where our understanding of the CFT, J\f = 4 SU(./V) super 
Yang-Mills theory, is much better. The first examples of supersymmetric, asymptotically 
AdS^, black holes were recently obtained in || as solutions of minimal D = 5 gauged 
supergravity. These solutions have to rotate, just like supersymmetric AdS black holes 
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in D = 3,4 (but unlike D = 7). They preserve at least two supersymmetries, and their 
mass M and angular momenta Jx,2 are functions of their electric charge Q: M = M(Q), 
J\ = J2 = J(Q)- These black holes should correspond to SU(iV) singlet CFT states on 
R x S 3 . The CFT state/operator correspondence maps such states to gauge-invariant 
local operators at the origin of (euclidean) R 4 ||. In order to identify the local operators 
corresponding to the black hole, the solution must first be oxidized to give an asymptotically 
AdS§ x S 5 solution of type-IIB supergravity. This can be done using results of (7|. One 
finds that the dual CFT operators are 1/16 BPS, have SO(4) = SU(2) L x SU(2) fi spins 
Jl = J(Q), Jr = and R-charge given by the SU(4) weight vector (Q, Q, Q) (for suitably 
normalized Q). We expect that it should be possible to reproduce the black hole entropy 
by counting such operators at weak coupling. 

It is natural to expect that there should be more general supersymmetric black hole 
solutions for which the corresponding CFT operators have R-charge (Qi,Q2,Qs)- To see 
how these should arise, note that type-IIB supergravity can be dimensionally reduced on 
S 15 to give J\f = 1 D = 5 gauged supergravity coupled to three abelian vector multiplets, 
with gauge group U(l) 3 H]. 1 This theory has eight supercharges. Black holes carrying 
U(l) charges Qi will correspond to CFT operators with R-charge (Qi,Q2,Qs)- The goal 
of the present paper is to find supersymmetric, asymptotically AdS§, black hole solutions 
with these charges. 

Although we are mainly interested in the U(l) 3 theory, we shall work within the more 
general framework of J\f = 1 D = 5 gauged supergravity coupled to arbitrarily many 
abelian vector multiplets ||. One possible way to find black hole solutions would be to 
use the results of []|] to motivate an Ansatz for the fields of this theory, and then examine 
the circumstances under which this Ansatz admits a super-covariantly constant spinor. 
However, we shall adopt a more systematic approach in which we analyze the general 
nature of supersymmetric solutions of this theory. This approach was first used in [1C] for 



minimal M = 2, D = 4 supergravity and has been applied recently to minimal D = 5 [11] 



and D = 6 [12] supergravity, minimal D = 5 gauged supergravity [13], and minimal M = 2, 



D = 4 gauged supergravity 14]. It has also been used in D = 11 supergravity |15|, 16 1. In 
this way, not only do we find the black hole solutions, we also obtain a general framework 
which may be used to construct interesting new solutions, many of which cannot be found 
easily by guessing Ansatze. 



In section g of this paper, we generalize some of the results of [11], [L3|] to include 
arbitrarily many abelian vector multiplets. Our first result is a complete classification 
of all maximally supersymmetric solutions in both the gauged and ungauged theory. In 
the gauged theory, the only maximally supersymmetric solution is AdS^ with vanishing 
gauge fields and prescribed values for the scalars. In the ungauged theory, we find that 
the scalars take arbitrary constant values but once these values have been chosen, the 
maximally supersymmetric solutions are in one-to-one correspondence with the maximally 
supersymmetric solutions of the minimal theory, which were given in [pd]]. 



1 Strictly speaking, there are only two vector multiplets since the diagonal U(l) arises from the gravipho- 
ton. 
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We then turn our attention to general supersymmetric solutions. Just as in the minimal 



theories [11, 13], such solutions possess a globally defined Killing vector field that is either 
everywhere null, or timelike somewhere. We consider only solutions in the latter class, 
and show that they admit a hyper-Kahler or Kahler structure in the ungauged and gauged 



theories respectively, again just as in the minimal theories [11, |13|| . We determine a general 
form for such solutions of the gauged theory and show that they must preserve at least two 
supersymmetries. 

In section [3|, we use these results to derive supersymmetric black hole solutions of 
M = 1, D = 5 gauged supergravity coupled to arbitrarily many abelian vector multiplets. 
Just like the solutions of ||, these are asymptotically AdS solutions that are parametrized 
by their electric charges, and have two equal angular momenta. We pay special attention 
to solutions of the U(l) 3 theory mentioned above since these can be oxidized to give BPS, 
asymptotically AdS$ x S 5 solutions of IIB supergravity. 

We should note that supersymmetric solutions of D = 5 gauged supergravity coupled 
to vector multiplets have been discussed before. In particular, there have been attempts 
at finding supersymmetric black hole solutions of this theory, but these attempts only 
produced solutions with naked singularities [17| or naked closed timelike curves [18|. Some 



black string solutions were presented in [19]. 



The reader interested only in the black hole solutions (and not their derivation) should 



jump to subsection 3.2 



2. Supersymmetric solutions of M = 1 supergravity 
2.1 M = 1 supergravity 

The action of M = 1 D = 5 gauged supergravity coupled to n abelian vector multiplets 
with scalars taking values in a symmetric space is || 2 

S = J (- 5 i? + 2 X 2 V - QuF 1 A *F J + QudX 1 A *dX J - \cjjkF 1 A F J A A K ^j 

(2.1) 

where I, J, K take values 1, . . . , n and F 1 = dA 1 . Cjjk are constants that are symmetric 
on UK and obey 

CijkCji( LM Cpq) K i5 jj 5 kk = -5i(lCmpq) ■ ( 2 - 2 ) 

See [|19| for a more detailed recent discussion of this theory. The X 1 are scalars which are 
constrained via 

\c UK X I X J X K = 1 . (2.3) 
o 

We may regard the X 1 as being functions of n— 1 unconstrained scalars 4> a . It is convenient 
to define 

Xi = -C 1JK X J X K (2.4) 



2 We use a negative signature metric. 
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so that the condition (|2.3| ) becomes 

X/X 7 = l. (2.5) 
In addition, the coupling Qjj depends on the scalars via 



so in particular 



Qu = \xiXj - \c IJK X K (2.6) 



Q U X J = ^Xj , Qud a X J = -\d a X! . (2.7) 



The constraints (2.2) are sufficient to ensure that the matrix Qu is invertible with inverse 
Q IJ given by 

Q IJ = 2X I X J - 6C IJK X K (2.8) 

where 

c IJK = S II' S JJ' 6 KK' CrjiKi {29) 
It is then straightforward to show that 

X 1 = 9 -C IJK XjX K . (2.10) 
The scalar potential can be written as 

V = 27C IJK V T VjX K (2.11) 

where Vi are constants. 

For a bosonic background to be supersymmetric there must be a spinor 3 e a for which 
the supersymmetry variations of the gravitino and dilatino vanish. For the gravitino this 
requires 



V M + ixj(7^-45 M V)^ p 



and for the dilatino it requires 



e a - |V7(X 7 7M - -i>A\Y h e h = (2.12) 



l 



0. (2.13) 



The Einstein equation is 

5 R a p + QuF^xF 3 ^ - QjjVaX'VpX- 1 - ^g af3 (4 X 2 V + QijF 1 ^ V F J ^) = . (2.14) 



The Maxwell equations (varying A 1 ) are 



d {Qu * F J ) = --C IJK F J A F k . (2.15) 



3 We use symplectic Majorana spinors. Our conventions are the same as 
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The scalar equations (varying </> a ) are 

-d(*dXj) + (x M X p C NPI - ^C M ni) (F M A *F N - dX M A *dX N ) - (2.16) 

-6x 2 C Mp QV M V P C QIJ X J dvol = 0. 

If a quantity Lj satisfies Ljd a X J = then there must be a function M such that = MXj. 



This implies that the dilatino equation ( 2,13 ) can be simplified to 

(jQu - l^Xj) F\ v r u + \l^,Xj e a + ^ {XjVjX j - V>) e ab e b = , (2.17) 

and the scalar equation can be written as 

1 „ 1 



d(*dXj) + 1~Cmni - ^X i CmnjX j \ dX M A *dX N + 

+ (^XmX p Cnpi — -Cmni — QXiXmXn + -XjCmnjX j ^J F m A *F N + 

+6 X 2 {-C MPQ V M V P C QI jX J + 6XjC mpq VmV p X q ) dvol = . (2.18) 

2.2 Maximal supersymmetry 

All maximally supersymmetric solutions of the minimal ungauged and gauged D = 5 
supergravity theories were explicitly obtained in [|ll]] and |l3[] respectively. In the gauged 
theory, the unique maximally supersymmetric solution is AdS§ with vanishing gauge field. 
The ungauged theory has a more complicated set of maximally supersymmetric solutions. 

We shall now identify all maximally supersymmetric solutions of N = 1 D = 5 su- 
pergravity coupled to n vector multiplets. First we examine the dilatino equation ( 2.17] ). 



For maximal supersymmetry, this equation must impose no algebraic constraints on the 
Killing spinor, which implies that the terms with two, one and zero gamma matrices must 
vanish independently. This gives 

dXi = (2.19) 
so the scalars Xj (and hence also X 1 ) are constant: 

X/ = Xj. (2.20) 

Moreover, 

jQij-^X i Xj)f j = 0, (2.21) 
which implies that (at least locally) 

A 1 = X J A (2.22) 



4 It was conjectured in that some of the maximally supersymmetric solutions obtained there are 
isometric. This conjecture was proved in |]2l|. 
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for some 1-form A. Lastly, in the gauged theory (x 0) we a ^ so obtain 

Xj = rVj , (2.23) 

where 

f = ^C^VjVjVk . (2.24) 

In the ungauged theory, the values of Xj are arbitrary. It is convenient to define 

F = dA. (2.25) 

Upon substituting these identities back into the equations of motion and gravitino equation, 
we observe that the scalar equation holds automatically. The other equations simplify to 

5 ^/3 + \F aX F p x - X -g aP [% X 2 t + lFx„F X A = , (2.26) 

d-k F + F f\ F = 0, (2.27) 
(v M + ~( 7 /' - A8SY)F v i\ e a " y(7m " ^)e ab e b = . (2.28) 

However, these are merely the equations of motion and gravitino equation of the minimal 
super gravity. 5 Hence the maximally super symmetric solutions of the non-minimal theory 
are in one-to-one correspondence with those of the minimal theory. 6 In particular, in the 
gauged theory, the only maximally supersymmetric solution is AdS*> with radius I given by 

\ = Xi- (2-29) 
2.3 General supersymmetric solutions 



Following |TT[] , our strategy for determining the general nature of bosonic supersymmetric 
solutions is to analyse the differential forms that can be constructed from a (commuting) 
Killing spinor. We first investigate algebraic properties of these forms, and then their 
differential properties. 

From a single commuting spinor e a we can construct a scalar /, a 1-form V and three 
2-forms $ a6 = ^ ab ^. 

je = e e , V a e =e ^ a e , <P a/3 = e ~j a pe . (2.6U) 

f and V are real, but and <I> 22 are complex conjugate and < I> 12 is imaginary. It is 
convenient to work with three real two-forms J® defined by 

$(11) = j(D + i J(2) ; $(22) = _ ■ j(2) j $(12) = _-j(3) (2 31) 



5 To compare with the conventions of |l3| ] one must make the replacements A — » (2/\/3)A and 
7- x/(2%/3). 

6 Strictly speaking, in the ungauged theory the solutions are also parametrized by the values of the 
constants Xi. 
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It will be useful to record some of the algebraic identities that can be obtained from the 
Fierz identity [11]: 



V a V a = f , 
jW a J {j) = -25ijf*V, 
i v J {i) = 0, 
iv*J {l) = 



(2.32) 
(2.33) 
(2.34) 
(2.35) 
(2.36) 



where e\23 = +1 and, for a vector Y and p-form A, (iy^4) aiv .. iQp _ 1 = Y@Ap ai ^ .., Qp _ 1 - 
Finally, we have 



V al a e a = fe a 



e c{a e b) 



(2.37) 

(2.38) 



Equation ( |2.32 ) implies that V is timelike, null or zero. The final possibility can be elimi- 



nated using arguments in [11 



We now turn to the differential conditions that arise because e is a Killing spinor. We 
differentiate /, V, $ in turn and use (2.12). Starting with / we find 

df = -i v (XjF 1 ) , (2.39) 

which implies Cyf = where C denotes the Lie derivative. Next, differentiating V gives 



D {a V p) =0, 

so V is a Killing vector, and 

dV = 2fX I F I + X/ * (F 1 A V) + 2 X V I X I J (1) . 
Finally, differentiating JW gives 



(2.40) 



(2.41) 



D n J 



(0 



a Pi 



which implies 



2 



2F I J ( *J» 



2 X V I X I 5 a rj a[f3 V y] +3 X e nj V I 



5f3y 



2F I [p s (*J® 



-y]aS 



j]Se 



djW = 3xe lij V! ( A 1 A J W + X 1 * 



(2.42) 



(2.43) 



so dJ^ 1 ' = but j( 2 ) and J^ 3 ) are only closed in the ungauged theory (i.e. when X = 0). 
Equation ( p. 43 ) implies 



C V J® = 3 X e lij [iviViA 1 ) - VtX 1 /) J® 



(2.44) 
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Now consider the effect of a gauge transformation A 1 — > A 1 + dh 1 . The Killing spinor 
equation is invariant provided the spinor transforms according to 



cos 



cos 



V 2 J 



V 2 / 



(2.45) 



Under these transformations, / — ► /, V — ► y and — > but J^ 2 ) + iJ^ 3 ) — > 

e -3ix 1/ /^ / (j(2) _|_ jj(3)) 5 so j( 2 ' 3 ) ar e only gauge-invariant in the ungauged theory. We 
shall choose to work in a gauge in which 

iyA 1 = fX 1 . (2.46) 

In such a gauge we have £yJW = 0. 

To make further progress we will examine the dilatino equation ( |2.17 ). Contracting 
with e c we obtain 

C v Xj = 

and 

Next, contracting (2.17) with ^7°" we find 

i v F J = -d(fX J ) , 



.^S li (X I V J X J -V I )f. 



(2.47) 
(2.48) 



which implies that 



C V F J = 0. 



(2.49) 
(2.50) 



Hence V generates a symmetry of all of the fields. In the gauge ( |2.46| ) we also have 

C v A J = 0. (2.51) 
Contracting ( [2.17| ) with e c j a we obtain the identity 

(\ QlJ ~ \ X i X j) fJ A^)^ = -\{J^)^^Xi - ^\X t VjX J - Vi)V„ . (2.52) 

Finally, contracting (2.17) with z c ^ aX gives 

Qq/j - \xiX?) {F\v{*Vy x ^ + 2F JX °) 



--(^XiV - V a X T V x ) + 



+ ^{ Xl VjX J -Vj)(J^y x (2.53) 



and 



X -Qu - IxjXj) (f j \(j^y x - F jx v (j®y° 



(2.54) 
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2.4 The timelike case 



As in [11, 13], it is useful to distinguish two cases depending on whether the scalar / 
vanishes everywhere or not. In the former "null case", the vector V is globally a null 
Killing vector. We shall not consider this case here — it should be straightforward to 
analyze using the methods of [11, 13 1. In the latter "timelike case" there is some open set 
U in which / is non-vanishing and hence V is a timelike Killing vector field. There is no 
loss of generality in assuming / > in U [jllj ]. We shall analyze the constraints imposed 
by supersymmetry in the region IA. 

Introduce coordinates (t,x m ) such that V = d/dt. The metric can then be written 
locally as 

ds 2 = f 2 {dt + uj) 2 - r l h mn dx m dx n . (2.55) 

The metric h mn can be regarded as the metric on a four dimensional riemannian manifold, 
which we shall refer to as the "base space" B. uj is a 1-form on B. Since V is Killing, /, 
to and h are independent of t. We shall reduce the necessary and sufficient conditions for 
supersymmetry to a set of equations on B. Let 

e° = f(dt + uj). (2.56) 

We choose the orientation of B so that e°Ary4 is positively oriented in five dimensions, where 
774 is the volume form of B. The two form dw can be split into self-dual and anti-self-dual 
parts on B: 

fdw = G + + G- (2.57) 

where the factor of / is included for convenience. 

Equation (2.34) implies that the 2-forms JW can be regarded as 2-forms on the base 
space and equation ( 2.35 ) implies that they are anti-self-dual: 

* 4 j« = _ jW , 

where *4 denotes the Hodge dual on B. Equation ( 2.36|) can be written 



(2.58) 



p n 
° m ° p 



-5 l: >5 m n + e ijk 



(2.59) 



where indices m,n, . . . have been raised with h mn , the inverse of h mn . This equation shows 
that the jW's satisfy the algebra of imaginary unit quaternions, i.e., B admits an almost 
hyper-Kahler structure, just as in |ll], |l3f . 

To proceed, we use ( HH ) and (fT4lI) to obtain 



X1F 1 = de° 



I* 



2 X f- 1 V I X I J^ 



-/"V A df + -G + +G~ - Ixf^ViX 1 ^ 



(2.60) 



From ( gjg ) we find that 



V J (1) - 

y r(2) _ p t(3) 
v m u np 1 m° n p 



v /( 3 ) 

v m>J n p 



-P 7 (2) 



(2.61) 
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where V is the Levi-Civita connection on B and we have defined 

P m = 3x^(A' m - fX'um) . (2.62) 

From ( p. 59 ) and ( |2,61| ) we conclude that, in the gauged theory, the base space is Kahler, 
with Kahler form jW. In the ungauged theory, it is hyper-Kahler with Kahler forms J®. 
Again, this is all precisely as in the minimal theories [11, 13 1. 

We are primarily interested in the gauged theory so henceforth we shall assume x^O. 
Proceeding as in [ 13 1 , note that we can invert ( |2.61 ) to solve for P: 



P m = U J^V m J$ - jW**V m jgj) , (2.63) 



'np " * '"•"rip 

from which it follows that 

dP = K, (2.64) 
where 1Z is the Ricci-form of the base space B defined by 

V — - T^PIR (9 fi^ 

/v mn — g 1L pqmn y^.uoj 

and Rpqmn denotes the Riemann curvature tensor of B. Hence, once B has been determined, 
P m is determined up to a gradient. An argument in [13] shows that the existence of j( 2,3 ) 
obeying equations ( p. 59 ) and ( |2.61| ) is a consequence of B being Kahler, and contains no 
further information. 

Next we examine ( 2.48 ). It is convenient to write 

F 1 = -/"V A d(fX T ) + ¥ + 9 1 + X I G + (2.66) 

where VP is an anti-self-dual 2-form on B and is a self-dual 2-form on B. Equation Q2.6C] ) 
implies 

XjQ 1 = --G+ (2.67) 
3 

and 

X^ 1 = G~ - 2 X f~ 1 V I X 1 J (1) . (2.68) 

Now (|2.48j) determines \1/ J : 

m 1 = x l G~ - Vxr l C IJK VjX K J {l) , (2.69) 

hence 

F 1 = d(X 7 e°) + Q 1 - V X r l C IJK VjX K J {l) . (2.70) 

O 7 is not constrained by the dilatino equation. Finally, from ( 2.64| ) together with (|2.62j ) 
we have the following identity 

3xV7e 7 - 27 X 2 f~ 1 c IJK v I v J x K jw = n . (2.71) 

Contracting this expression with jW we obtain 

f = -^fc IJK V lVj X K , (2.72) 
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where R is the Ricci scalar of B, and hence 



n - ^RJ (1) = zxViO 1 . 



(2.73) 



Finally, note that equations Q2.37 ) and ( 2.3§| ) imply that the spinor obeys the projections 



7 V 



J i A ) B T AB e a = -Ae-i 



ab b 



(2.74) 
(2.75) 



where indices A, B refer to a vierbein e A on the base space, and T A are gamma matrices 



on the base space given by T A = ±ij A . These projections are not independent: ( 2.75| ) 
implies ( p. 74 ). 

So far we have been discussing constraints on the spacetime geometry and matter fields 
that are necessary for the existence of a Killing spinor. We shall now argue that these 
constraints are also sufficient. Assume that we are given a metric of the form ( |2.55| ) for 
which the base space B is Kahler. Let denote the Kahler form. Assume that / is given 
in terms of X 1 by equation ( 2 . T2j ) and that the field strengths are given by equation ( 2.7C| ) 
where Q 1 obeys equations ( 2.67| ) and ( p. 73 ). Now consider a spinor e a satisfying the 
projection ( 2.75[) . It is straightforward to show this will automatically satisfy the dilatino 
equation ( 2.17j ). In the basis (e°, f~ 1 ^ 2 e A ), the gravitino equation ( [2.12 ) reduces to 



and 



d,e a = 



0, 



(2.76) 



(2.77) 



where 

7] a = f-h a . (2.78) 

The Kahler nature of B guarantees the existence of a solution to equation ( p.77|) obey- 
ing ( 2.75| ) without any further algebraic restrictions [22\. Therefore the above conditions 
on the bosonic fields guarantee the existence of a Killing spinor, i.e., they are both necessary 
and sufficient for super symmetry. The only projection required is ( 2.75| ), which reduces 
the number of independent components of the spinor from 8 to 2 so we have at least 1 /4 
sup er symmetry. 7 

We have presented necessary and sufficient conditions for existence of a Killing 
spinor. However, we are interested in supersymmetric solutions so we also need to im- 
pose the Bianchi identity dF 1 = and Maxwell equations ( 2.15 ). Substituting the field 
strengths ( 2.70| ) into the Bianchi identities dF 1 = gives 



dO 1 



9 X C IJK Vjd(f- l X K ) A JW. 



(2.79) 



7 We would also expect the general null solution to be 1/4 supersymmetric, as in the minimal theory [ pi] . 
Examples of such solutions were given in pl| . For timelike solutions of the ungauged theory, we expect 
that the only projection that must be imposed on a Killing spinor is (2.74) so the solutions will be 1/2 
supersymmetric, as in the minimal theory jnj. 
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Note that 



+F 1 = -r 2 * 4 d {fX 1 ) + e° A (9 7 + X J G + - y 1 ) , 



(2.80) 



so the Maxwell equations ( 2.1 5| ) reduce to 



d* A d {r l xi) = ~c IJK & J a q k + 2xr x G- A J« + 

+$x 2 r 2 {QuC JMN v M v N + v^Vj) m 



(2.81) 



where 774 denotes the volume form of B. 

Finally, the integrability conditions for the existence of a Killing spinor guarantee that 
the Einstein equation and scalar equations of motion are satisfied as a consequence of the 
above equations. 

In summary, the general timelike supersymmetric solution is determined as follows. 
First pick a Kahler 4-manifold B. Let J^- 1 ' denote the Kahler form and h mn the metric on 
B. Equation ( 2.72j ) determines / in terms of X 1 . Next one has to determine u, X 1 and 
Q 1 by solving equations ( 2.67 ), ( 2.73| ), (|2.79 ) and ( 2.81| ) on B. The metric is then given 
by ( |2.55|) and the gauge fields by (|2.7C| ). 



3. Black hole solutions 

3.1 Derivation of the solutions 

Following |5| , we take the following ansatz for the Kahler base space of a supersymmetric 
black hole solution: 

ds\ = dp 2 + a 2 ((ai) 2 + (al ) 2 ) + (2aa') Vi) 2 , (3.1) 

with Kahler form 

jW = -ed [a 2 a\] , (3.2) 

where a = a(p), e = ±1, and a % L are right-invariant 1-forms on SU(2). These can be 
expressed in terms of Euler angles (0,ip,(j)) as 

a\ = sin <f>d9 — cos <j> sin Qdip 
a\ = cos (j)d9 + sin (f> sin Qdip 

al = d(j) + cos ddif) , (3.3) 

where SU(2) is parametrized by taking < 6 < ir, O<0<47r and < tp < 2n. The 
right-invariant 1-forms obey 

dai = --e ijk a{Aa k L . (3.4) 

The surfaces of constant p are homogeneous, with a transitively acting U(1)l x SU(2)# 
isometry group, The U(1)l generated by d/dcj) is manifestly a symmetry and the SU(2)^ 
is a symmetry because a l L is invariant under the right action of SU(2). 
We shall assume a, a' > and introduce an orthonormal basis 

e 1 = dp , e 2 = a a\ , e 3 = a o\ , e 4 = 2aa' a\ (3-5) 
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with volume form 774 = e 1 A e 2 A e 3 A e 4 . We then have 

j(D = _ e ( e l Ae 4_ e 2 Ae 3 )5 



which is obviously anti-self-dual. 
As in ||, we adopt the Ansatz 



u = w{p)a\ , 



which gives 



and 



We also take 



and 



CP 



G~ 



h-dJa- 2 w){e l Ae 4 + e 2 Ae 3 ) 
4a' 

/ 



4a 3 a 



7 a p (a 2 w)(e 1 Ae 4 -e 2 A e 3 ) . 



A 7 = X 7 e° + C/ J (/9)a| , 
for some functions U 1 . / is determined by ( 2.72| ): 

54x 2 a 2 a'C /Ji ^VjA^ 



/ 



a 2 a"' - a' + 7aa'a" + 4(a 



A3 



Note that 



^ = d(xV) + |^e 1 Ae 4 -^ 
zaa a z 



e 2 A e 3 



Comparing ($1% with (gjg ) we find 



and 



Q i = ^-dJa^U 1 )^ A e 4 + e 2 A e 3 ) 
4a' ^ 



dpi^U 1 ) = 3Qexr l c?a'C IJK VjX K 



(3.6) 



(3.7) 

(3.8) 
(3.9) 
(3.10) 
(3.11) 

(3.12) 

(3.13) 

(3.14) 
(3.15) 



This equation is sufficient to ensure that the Bianchi identity ( 2.79| ) holds automatically. 
Equation ( |2.67D gives 

(3.17) 



f^Xjd^U 1 ) = --d p (a- 2 w) 

and from ( [2.73 ) we find 

SxViU 1 = e(-l + 2aa" + 4(a') 2 ) . 
Lastly, we compute the Maxwell equations ( 2.81| ); we obtain 



8 n 



^a'dpif^Xj) + e X a 2 wV! + ^C IJK U J U 



0. 



To find a solution to these equations we make the guess 



f^Xj = Xj + 



4a 2 ' 



(3.18) 



(3.19) 
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where Xj are the constant values of the scalars in the maximally supersymmetric AdS^ 
solution and qi are constants. Since 

C IJK X I XjX K = I (3.20) 



we must have 



which implies 



r 3 = \c»« (x, + £) ( Xj + 1L) (x K + « ) , (3 . 21) 

where we have defined the constants 

a l = ^-C IJK X I X J q K , a 2 = ^C IJK X iq j qK , a 3 = ^C IJK q iqj q K . (3.23) 



Equation ( p. 15 ) then determines 



U 1 = jC ijk Xj (a*X K + f) . (3.24) 

A possible term of the form (constant of integration) times a~ 2 has been set to zero because 
such a term is not present in the supersymmetric black hole solutions of the minimal theory. 
Now we can determine w from ( |3.16| ): 

£/ (3-25) 



W = - I WqQ 



2 16a 2 7 ' 

where wq is a constant of integration. Equation ( |3.17 ) can be integrated to give 



, h9 0? 1 / Oil \ K , 

where ft is a constant of integration. Comparison with the minimal theory shows that we 
must take k = 0. We can then integrate to obtain 



.= £^1 + (3.27) 

This determines the geometry of the base space: it is the same singular deformation of 
the Bergmann manifold that appears in the minimal theory Finally, we require equa- 



tion (|3.1Sf ) to be satisfied. Upon using equation (|2.2|), this reduces to 

w Q = -2. (3.28) 

Hence 
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3.2 Properties of the solution 

It is convenient to work with a new radial coordinate R defined by 8 

R 

a = — . 
2 

The metric is 



(3.30) 



fde + 2pwdtal - /-yW - ^ [f- l {{a\f + {a\f) + fh{a\f] , (3.31 
where a % L was defined in equation (|3.3|) and 



1 «1 Q2 «3 \ _1 / 3 
+ R 2 + i? 4 + i? 6 , 



" 2^ 



+ R 2 + 2i? 4 



1 + ^ + 



°i 



1 



R 2 



R 2 R 4 



0C3 



R e 



a 1 



"3(1 + -)"^ 



2 1 



where e = ±1 determines the sense of rotation. The scalars are 



The gauge fields are 



where 



A 1 = fX*dt + {U 1 + fwX 1 ) o\ 



Ul = f e C IJK Xj (X K R 2 + 2q K ) . 



(3.32) 
(3.33) 
(3.34) 
(3.35) 

(3.36) 

(3.37) 
(3.38) 



The solution is parametrized by the constants qj, which determine en via equation ( |3.23j ). 
Recall that the constants Xj are the values of the scalars in the AdS^ vacuum solution, 
which has radius I. The solution has isometry group R x U(1)l x SU(2)# where R is 
generated by the supersymmetric Killing vector field V = d/dt, by d/dcj) and the 

SU(2)ij arises because o % L is invariant under the right action of SU(2). The supersymmetric 
black hole solutions of the minimal theory have 0] a\ = 3-Rq, 02 = 3i?Q and 03 = R®. 
To see that the solution is asymptotically AdS, let 

2et 



+ 



(3.39) 



We then have 



ds 2 



R 2 



f-'gh-Ui 2 -r L g- l dR 2 -^- f-t((at) 2 + (aiy)+fh(al-ndt) 2 , (3.40) 



,2'\2 



,3' 



'Note that this differs from the coordinate R used in Js) by a factor of /. 
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where cr£ is defined in the same way as a % L (equation (^^)) but with (f> replaced by (p' and 



2e f 1 (oli 03 



lh\R i \2 £ 2 J R 6 



1 



«3 



C 1 <-> 



Now as R — > oo, we have /, /i — > 1, — ^ and 5 oc R 2 /£ 2 so the solution is manifestly 
asymptotic to AdS§. In these coordinates, the supersymmetric Killing vector field is V = 
d/dt + (2e/£)d/dcp' . The gauge fields have the asymptotic behaviour 



A 



R 2 



1 



02_\ 

2l 2 ) 



X 1 - 9C IJK Xjq K - ^-C IJK qjq K 



UK, 



2£ 2 



+ 



+ 0[- A ) \dt + 0[- 2 )ai. 



1 



R 2 



J*-' 



(3.42) 



Note that if «2 = 03 = then the solution reduces to one of the static, spherically 
symmetric, nakedly singular, solutions investigated in [17|. 

To investigate which solutions have regular horizons, we shall attempt to introduce 
gaussian null coordinates as follows: 



dt = du — fg 1 hdr , 
The line element becomes 



-=^fg l wdr, dR = f^fhdr. 
R z 



ds 1 



fdu 2 



2dudr + 2f 2 w du o\ 



R 2 



r 1 K) 2 + (-D 2 )+fh(4 



(3.43) 



(3.44) 



where a l L is defined in the same way as a l L (equation (^)) but with cj) replaced by 4>" . 
The supersymmetric Killing vector field is V = d/du. In order for there to be a regular 
horizon at R = we need R 2 / _1 to approach a positive constant as R — > 0. This requires 



«3 > 0. 



We also need R f h to approach a positive constant, which requires 



(3.45) 



(3.46) 



We then find that r oc R 2 as R — » and that / and f 2 w are 0{r) as r — > 0, which 
guarantees a regular horizon. Hence, subject to the above restrictions, our solution has a 
regular horizon at R = 0. In order to avoid problems in R > we must also demand that 
/, g and h be positive for R > 0, which imposes further restrictions on on. 

Spatial cross-sections of the event horizon have the geometry of a squashed S s with 

area 

2 / /. «i \ Oii, 



A = 2ir z \ a 3 1 + 



I 2 



Ai 2 ' 



(3.47) 



The angular velocity of the event horizon with respect to the stationary frame at infinity 
can be calculated as in |J, giving 

to H = j. (3-48) 
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We note that if we take the limit I — > oo with qj held fixed then our solutions reduce 
to static supersymmetric black hole solutions of the ungauged supergravity theory, which 
were first obtained in p^ j. 

We can calculate the mass and angular momentum of our solutions using the definitions 
of Ashtekar and Das (AD) p4j. The AD mass is associated with the symmetry of the 



conformal boundary generated by d/dt in the coordinates (3.40): 



and the AD angular momentum is associated with —d/dcp': 

J =ii( a2 + ? ?)' < 3 - 50 > 

Just as in the minimal theory, this really corresponds to equal angular momenta J% = J2 = 
J in two orthogonal 2-planes. 

We have used the AD approach to define mass and angular momentum. However, it 
has been argued p5| , p6| that the conserved quantities of the AD approach do not correctly 
reproduce the (anomalous) transformation law of the CFT energy-momentum tensor |27j . 
so the AD mass M should not be interpreted as dual to CFT energy. Instead one should 



use an alternative approach based on the "holographic stress tensor" (HST) |28|, 29], which 
does transform correctly. 

If M cannot be interpreted as dual to CFT energy then what is its CFT interpretation? 
To answer this, we first note that the AD definitions only apply to spacetimes that are 
asymptotically AdS whereas the HST approach applies more generally to spacetimes that 
are merely asymptotically locally AdS with a well-defined conformal boundary. Therefore, 
when M is defined, the dual CFT must live on R x S 5 whereas the HST energy E can 
be defined for many different CFT background geometries. Now R x S 5 is precisely the 
background for which the CFT state/operator correspondence applies ||. Under this cor- 
respondence, the energy of a state is equal to the dimension of the corresponding operator 
plus an anomalous term that can be interpreted as the Casimir energy on R x 5" 3 . This 
suggests that we should identify the AD mass of a bulk solution with the dimension of the 
corresponding local CFT operator (s): 

A = Mi . (3.51) 

Of course, this should only be regarded as the leading term in a large N expansion. More 
precisely, we mean that A/N 2 and Mi/N 2 tend to the same limit as N —* 00. 

In the few examples for which M and E have both been calculated, it has been found 
that they differ precisely by the Casimir energy of the CFT on R x S" 3 , which is evidence 
in favour of the above interpretation. 9 It would be interesting to see whether this could be 



9 It was claimed in J3(j] that the difference is more complicated for the rotating black hole solutions 
of J31J. However, the HST results of (following the earlier correspond to the stress tensor of a 

CFT in R x S' s with a non-product metric J3^] , for which one would expect the Casimir energy to be more 
complicated anyway. 
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proved more generally. It would also be interesting to calculate the HST for our solutions. 
This was done for solutions of the minimal theory in ||] , where it was found that M and 
E differ by the Casimir energy and that the two approaches give the same value for J. In 
the theory under consideration here, the counterterms required for calculating the HST do 
not appear to have been derived yet. 

We shall define conserved electric charges by: 

Qi = TTT* I Qu* fJ , (3-52) 



where the integral is taken over a spatial three sphere at infinity. Calculating this on a 
surface of constant t in the asymptotically AdS coordinates gives 

Ql = l (jQl ~ ^Xj + ^CuKX'CK^utoi) ■ (3-53) 

This implies 

r Ql = JL (a, + |L) , (3.54) 

so we have the BPS equality 

M -j\J\ = \X I Q I \. (3.55) 

It would be interesting to look for non-extremal generalizations of these solutions. In 
general, such solutions will carry two independent angular momenta, which will make 
them rather complicated (see |3l| for uncharged solutions). However, the solutions should 
simplify when the angular momenta are equal, with the isometry group being enhanced 
from R x U(l) 2 to R x U(l)^ x SU(2)^ (as for the supersymmetric solutions). If the metric 
is written using right-invariant forms on SU(2) then the metric components will all be 
functions of a single radial coordinate, so finding these solutions should not be difficult. 

3.3 Solutions of the U(l) 3 theory 

We are primarily interested in solutions that can be oxidized to yield asymptotically AdS§ x 
S 5 solutions of type-IIB supergravity. We therefore consider the theory with U(l) 3 gauge 
group obtained by taking indices /, J, K to run from 1 to 3 and with Cjjk = 1 if (UK) 
is a permutation of (123) and Cijk = otherwise. The constraint on the scalars is then 

X 1 X 2 X 3 = 1 (3.56) 

and we have 

Qjj = ^diag ((Xi) 2 , (X 2 )\ (X 3 ) 2 ) . (3.57) 

We also take 

Vr = |- (3-58) 

Solutions of this theory can be oxidized to solutions of type-IIB supergravity as described 
in §. 10 In this theory, 

Xi = 1 , X 1 = 1 . (3.59) 

10 Our gauge fields have the same normalization as those of ||. Denote the scalars of || by Xi. They are 
related to our scalars by Xr = l/(3Xi). The coupling of M is related to our constants by g = x£ — V^- 
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It is convenient to define rescaled parameters for the black hole solutions: 



so that 

ai = Hi + H2 + ^3 
We then have 

where 

The scalars are given by 



Hi 

qi = Y 



a 2 = H1H2 + H2H3 + HzHi 

/ = {HiH 2 H z y x ^ , 
Hi 



03 = H1H2H3 



H I = 1 + 



1 



R 2 ' 



Xj = -Hi (HiH 2 H 3 ) ^ 3 



(3.60) 

(3.61) 

(3.62) 
(3.63) 

(3.64) 



We need /U/ > to guarantee > and / > for R > 0. The only remaining restriction 
on fii for the solution to describe a black hole is equation ( |3.46j ), which can be written 

(3.65) 



4M1M2M3 [Hi + H2 + H3 + > G"lM2 + M2M3 + H3Hl) 



This constraint is non-trivial: e.g. it is not satisfied if we take Hi = H2 ^ H3- The mass, 
angular momentum and charges can be obtained from the expressions above. The charges 
simplify to 



Qi = 


7T 




1 


4G 


Hi + 


2£2 


Q2 = 


7T 




1 


4G 


H2 + 


2F 


Qs = 


7T 




1 


4G 


H3 + 





(3.66) 



It is possible to set one, but not two, of the charges to zero consistently with the con- 
straint ( p.65[ ). 



Acknowledgments 

This research was supported in part by the National Science Foundation under Grant No. 
PHY99-07949. J. B. G. was supported by EPSRC. HSR thanks Radu Roiban for useful 
discussions. 



References 



[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv. 



Theor. Math. Phys. 2 (1998) 23l| fhep-th/9711200 |. 



[2] A. Strominger, Black hole entropy from near-horizon microstates, J. High Energy Phys. 02] 



(1998) 00£ hep-th/9712251]. 



- 19 - 



V.A. Kostelecky and M.J. Perry, Solitonic black holes in gauged N = 2 supergravity, Phys 



Lett. B 371 (1996) lgj |hep-th/9512222|l 



J. P. Gauntlctt, N. Kim and D. Waldram, M-fivebranes wrapped on super symmetric cycles, 
Phys. Rev. D 63 (2001) 126001| friep-th/0012195| ]. 



J.B. Gutowski and H.S. Reall, Super symmetric AdS§ black holes, J. High Energy Phys. 02 



(2004) 006 |hep-th/0401042] 



E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 



[hep-th/9802150l 



A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Charged AdS black holes and 
catastrophic holography, \Phys. Rev. D 60 (1999) 064018| |hep-th/990217C( |. 



M. Cvetic et al., Embedding AdS black holes in ten and eleven dimensions, Nucl. Phys. B 



558 (1999) 96| Jhep-th/9903214 



M. Giinaydin, G. Sierra and P.K. Townsend, Gauging the D — 5 Maxwell- Einstein 



supergravity theories: more on jordan algebras, Nucl. Phys. B 253 (1985) 573 



K.P. Tod, All metrics admitting supercovariantly constant spinors, Phys. Lett. B 121 (1983) 



241 



J. P. Gauntlett, J.B. Gutowski, CM. Hull, S. Pakis and H.S. Reall, All super symmetric 



solutions of minimal supergravity in five dimensions, Class, and Quant. Grav. 20 (2003) 4587 



[ hep-th/0209114 



J.B. Gutowski, D. Martelli and H.S. Reall, All supersymmetric solutions of minimal 
supergravity in six dimensions, Class, and Quant. Grav. 20 (2003) 5049] [hep-th/0306235] 



J. P. Gauntlett and J.B. Gutowski, All supersymmetric solutions of minimal gauged 



supergravity in five dimensions, Phys. Rev. D 68 (2003) 105009 [iep-th/0304064]. 

M.M. Caldarelli and D. Klemm, All supersymmetric solutions of N = 2, D = 4 gauged 
supergravity, |J. High Energy Phys. 09 (2003) 019| ]hep-th/0307022| |. 



J. P. Gauntlett and S. Pakis, The geometry of D 
04 (2003) 039| |b.ep-th/0212008 |. 



11 killing spinors, J. High Energy Phys 



J. P. Gauntlett, J.B. Gutowski and S. Pakis, The geometry of D = 11 null killing spinors, |j] 



High Energy Phys. 12 (2003) 049 [tiep-th/0311112 



K. Behrndt, A.H. Chamscddine and W.A. Sabra, BPS black holes in N = 2 five dimensional 
AdS supergravity, \Phys. Lett. B 442 (1998) 97| |hep-th/9807187 ]. 



D. Klemm and W.A. Sabra, General (anti-)de Sitter black holes in five dimensions, J. High 



Energy Phys. 02 (2001) 03l| |hep-th/0011016 l 



S.L. Cacciatori, D. Klemm and W.A. Sabra, Supersymmetric domain walls and strings in 
D = 5 gauged supergravity coupled to vector multiplets, J. High Energy Phys. 03 (2003) 023 



[hep-th/0302218] 



H.S. Reall, Higher dimensional black holes and super symmetry, Phys. Rev. D 68 (2003) 



024024 hep-tti/0211290l 



B. Fiol, C. Hofman and E. Lozano-Tellechea, Causal structure of D = 5 vacua and 
axisymmetric spacetimes, J. High Energy Phys. 02 (2004) 034 ^iep-th/0312209 ]. 



- 20 - 



C.N. Pope, Kahler manifolds and quantum gravity, J. Phys. A 15 (1982) 2455 



W.A. Sabra, General BPS black holes in five dimensions, Mod. Phys. Lett. A 13 (1998) 239 



l hep-th/9708103 ]. 

A. Ashtekar and S. Das, Asymptotically anti-de Sitter space-times: conserved quantities, 



Class, and Quant. Gray. 17 (2000) L17 hep-th/991123C 



S. de Haro, S.N. Solodukhin and K. Skcndcris, Holographic reconstruction of spacetime and 



renormalization in the AdS/CFT correspondence, Commun. Math. Phys. 217 (2001) 595 



[ hep-th/0002230 ] 



K. Skenderis, Asymptotically anti-de Sitter spacetimes and their stress energy tensor, Int. J 



Mod. Phys. A 16 (2001) 74Q |hep-th/0010138 l 



M. Henningson and K. Skcndcris, The holographic Weyl anomaly, J. High Energy Phys. 07 



(1998) 025 faep-th/9806087] 



V. Balasubramanian and P. Kraus, A stress tensor for anti-de Sitter gravity, Commun. Math 



Phys. 208 (1999) 413 [hep-th/9902121] 



P. Kraus, F. Larsen and R. Sicbclink, The gravitational action in asymptotically AdS and fiat 
spacetimes, 



Nucl. Phys. B 563 (1999) 259, piep-tti/9906127 



S. Das and R.B. Mann, Conserved quantities in Kerr-anti-de Sitter spacetimes in various 



dimensions, \J. High Energy Phys. 08 (2000) 033| |iep-th/0008028 l 



S.W. Hawking, C.J. Hunter and M.M. Taylor-Robinson, Rotation and the AdS/CFT 
correspondence, \Phys. Rev. D 59 (1999) 064005| |iep-th/9811056| ] . 



A.M. Awad and C.V. Johnson, Holographic stress tensors for Kerr- AdS black holes, Phys 



Rev. D 61 (2000) 084025 [hep-th/9910040 



- 21 - 



